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Abstract
	 The goal of statistical tests is to use data to learn about the nature of the system from 
which it is collected. It is an important bridge between raw data and interpreting its meaning/
drawing conclusions from it. One recent use of statistical tests is in COVID-19 tests, where 
statistics is used to determine the false positive rate of such tests to assess their accuracy. 

	 In this paper we will focus on one of the most used statistical tests, the Chi-square test, 
first published by Karl Pearson in 1900 to investigate the ‘deviations from the probable’.[6] We 
will first discuss the general procedure of hypothesis testing, followed by the construction of an 
appropriate estimator for statistical models before finally, finding the limiting distribution of the 
estimator. Using these properties, we will construct the Chi-square distribution and discuss its 
relevance to hypothesis testing. Python simulations using the Chi-square test will be generated to 
investigate the effect of multiple variables on its statistical power. 
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Table of Notations

Hypothesis Testing Framework
	 The goal of this paper is to rigorously conduct 
statistical tests. To do this, we need to have clear 
definitions for each part of the test, from collecting 
the data to extracting information from the data. 
The collected data points are realisations of random 
variables that represent the outcome of an experiment. 
In statistical terms, the possible outcomes of the 
random variable come from the sample space, which 
is the set of all possible outcomes. Since random 
variables are randomly drawn, we can only calculate 
the probability of a specific outcome. The data 
collected are then used to construct a statistical model: 
a collection of probability distributions, which try to 
describe the true distribution that the data originate 
from. 

	 The procedure of statistical tests is structured 
around H0 (the null hypothesis) and H1 (the alternative 
hypothesis). H0 proposes that the data collected have 
no statistical significance. However, if the statistical 
test shows that the data collected have enough 
evidence against H0, then we can reject it, and that is 
when a significant discovery is made. 
Due to the test’s random nature, there will almost 
always be a chance of errors. Let α denote the 
probability of type I error, which is when the test 
rejects H0 given it is true, while β is the probability 
of type II error, which is when H0 is retained (not 
rejected) given H1 is true. If H0 is rejected when a test 
has a small type I error, there is a higher chance that 

the information is part of a general trend and not a 
fluke. The power of a test is denoted by 1 – β -- good 
test would have not only a small type I error but also 
a high power. A low type I is preferred since scientists 
are comfortable making a discovery only when they 
are fairly certain it is true.

	 A test statistic is needed to reject H0, which 
will be compared to a critical value depending on how 
much error is tolerated.

	 Since we are working with probabilities, 
the error tolerated is in sense that chance that we are 
wrong. Sometimes it is more valuable to know the 
strength of the evidence against H0. Towards this end, 
a p-value could be calculated, and the smaller the 
p-value (smaller than 0.05 is generally considered 
strong), the stronger the evidence against H0. 

	 One type of statistical tests are the goodness-
of-fit tests. They are useful in investigating whether 
the distributions in the statistical model matches the 
collected data. We will focus on the Chi-square test, 
with the following test statistic:

The intuition behind this test statistic is to find the 
size of the difference between the observed, Yj, and 
expected, pj, values in each category that the data is 
recorded in (divided by npj to adjust for the size of the 
category). Hence when Cn is larger, the statistic implies 
that the observed data deviates from the expected 
distribution more, making it more likely that H0 is 
rejected.

Origin of the MLE; Derivation 
from the KL Divergence
	 The purpose of this section is to motivate 
the derivation of the test-statistics. For our statistical 
model we will use parametric distributions. This is 
when the p.d.f (probability distribution function) can 
be defined by a finite number of parameters. E.g. The 
parameter for a weighted coin flip is the probability of 
it coming out heads. To find the parameters would be 
equivalent to knowing the entire distribution. 
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	 The parametric model we will focus on is the 
multinomial distribution, where there are k categories 
that the outcome could be, with each outcome having 
a fixed probability. Taking n samples from such 
distribution would yield observations X1=(X11,…,X1k), 
…, Xn=(Xn1,…,Xnk), where each Xi is a unit vector 
resulting from a specific category. The multinomial 
distribution captures the probability distribution for the 
all the possible outcomes:

where Yj, equal to the sum of Xij over all i’s, is the total 
number of observations for each of the k categories, 
and p=(p1,p2,…,pk) is the defining parameter or the 
probability of getting each of the k different colours in 
one draw. Note that the distribution itself is governed 
by each Yj. The multinomial distributions are a good 
fit for many models where the outcomes are a fixed 
number of discrete categories, with the simplest being 
the binomial distribution. 
In order to construct a statistical test, we first need a 
good estimator of the parameters from our sample. 
First, we need to develop a notion that can assess the 
“closeness of two distributions. 

Define the Kullback-Leibler divergence as [3]

where f and g denote two distributions. For 
convenience we denote  to mean 

. It is useful because of the crucial 
property that the KL divergence is 0/minimised if and 
only if the two input distributions are identical. 
Therefore, finding a good estimator, becomes the 
problem of minimising the KL divergence. From these 
properties we can derive the maximum likelihood 
estimator, the function, which is maximised when 
good estimates of the parameters are inputted [4,p.122]

Proof is in Section 8.1.

	 Here f represents the probability distribution 
of the model, and the Xᵢ’s represents a specific set 
of observations. As the name suggests, the goal is to 
find the parameters θ that maximises the likelihood 

function. By maximising the MLE we will have 
found estimates for the parameters which makes the 
given observations most probable. Specifically for the 
multinomial distribution the likelihood function is

	 So how do we find the parameter which gives 
the maximum value of L(p)? we can use calculus 
and differentiate the function with respect to each 
parameter. This gives us the following estimations:

for each category j, hence giving us our MLE 
estimation, which is simply the sample average

Variance Matrix: Convergent 
Distribution of the Multinomial 
Distribution
	 Even though we have a good estimator for 
the parameter that converges to the true parameter, we 
still don’t know the rate of convergence. To construct 
the Chi-square test it is crucial to find the variance, or 
the spread of the MLE around * to construct the Chi-
square test. 

Asymptotic Normality with Central Limit 
Theorem
Here’s a key result from statistics that will help us. 

Proposition 1 Central Limit Theorem (CLT) [4,p.77] 
Let X1,X2,… be IID (independent and identically 
distributed random variables) with finite mean and 
variance and let X̅ be the sample average. Then

where V(X̅) is the variance of the sample average 
and μ is the expectation. The squiggly arrow shows 
convergence in distribution, meaning that the limit 
of the cumulative distribution function of the L.H.S 
of the expression approaches that of the R.H.S if n is 
sufficiently large. 
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	 The theorem says that the sample average of 
a random variable will have the recognisable normal 
distribution with increasing sample size, as well as 
telling us the rate of convergence. For the multinomial 
distribution with several parameters, we need another 
version of the CLT.

Proposition 2 Multinomial CLT [4,p.53]
Let Y and μ be vectors such that

and the variance-covariance matrix is

The vectors p̂ and p are the vectors Y and μ divided by 
n respectively, and the asymptotic normality of vector 
p̂ is

Thus, we have Σ, which tells us the spread of the 
asymptotically normal distribution. Note that the CLT 
applies here because the MLE estimation happens 
to be the sample averages for the multinomial 
distribution. Otherwise, this would not work, and 
the variance would need to be computed through 
the Fisher information matrix. Overall, the limiting 
distribution of the MLE vector is

We will need to use the Σ-1 in section 5, which is 
calculated in section 8.2.

We will use this transformation in section 4 as part of 
our proof.

Properties of Chi-square test

Convergence of the Chi-Square Statistic
	 With the consistency and asymptotic 
normality of the MLE, we will be able to find the 
distribution of the Chi-square statistic. First, we need 
to define the Chi-square distribution. 

If Z=(Z1,…,Zk)
T is a vector of k independent standard 

normal distributions, then

There is only one parameter, k, for the Chi-square 
distribution, where k is a positive integer. 
So far, we concluded that the MLE estimators are 
p̂=(p̂1,…, p̂k-1)

T=(Y1/n,…,Yk-1/n)T, and it has the 
variance matrix . To compute the distribution of the 
Chi-square statistic, we will rewrite the following 
expression:

in two different ways. The motivation is to 
change the Chi-square distribution into a 
form which includes the MLE, and hence can 
be expanded algebraically. 

Firstly, by expanding the expression (see 8.3) 
using matrix operations,

gives us the Chi-square statistic. Proof is in 
8.4. We recognise Σ-1 as I(p). 

Secondly, we observe that the expression 
can be split up into two objects, which 
is given by (13) and its transpose. Since 
√n(p̂-p) converges to N(0, Σ) by (7), it can be 
transformed to the standard normal by (8) 
and (9).
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Σ is a positive semi-definite matrix, so it can 
have ‘square roots.’ Hence, we have

since p has k-1 rows. The second line is 
because the positive semidefinite property of 
Σ implies it is symmetric, so ΣT= Σ. Hence, we 
can move one of the Σ-1/2 into the transpose 
with the identity (AB)T=BTAT.

As there is one redundant parameter, the 
convergence to is expected. Q.E.D

Using the Chi-Square Test

	 To conduct the Chi-Square test, first 
we set up our null and alternative hypotheses: 

H₀: the multinomial distribution has the 
parameter p. 

H1: the multinomial distribution does not 
have the parameter p. and set the significance 
level α of the test, which is the allowance on 
type I error. 

	 After finding Yj for each category, we 
calculate the Chi-square statistic Cn by (1). 
We also need to find the critical value of the 
Chi-square test based on the significance level 
and the degrees of freedom, k-1. 

Simulations

	 With the Chi-square test’s convergence 
proven theoretically, we shall explore some 
conditions under which the Chi-square test 
is applicable; specifically, we will investigate 

how several variables can affect the power of 
the test. In the first simulation we will look 
at a practical scenario involving the colour of 
camellia flowers and how we can test a basic 
result in gene theory with the Chi-square 
test. In the second simulation we will see the 
idea of overparametrisation (when there is an 
excess of parameters) and how it can affect 
the Chi-square test. 

Simulation 1: Colours of Camellias

	 In a simple model of inheritance, 
genes are lengths of DNA that determine one 
trait of an organism. Different versions of one 
gene are called alleles, and they are always in 
the same location on the same chromosome. 

	 In most animals and plants, the cells 
are diploid, meaning that each type of gene 
contains two alleles, which might be different 
or the same. The nice property about alleles, 
which makes them fit for the Chi-square 
test, is that they only give finitely many 
expressions. The genotypes (specific alleles 
for an organism’s genes) give a discrete set of 
phenotypes (traits given by the phenotype). 

	 During reproduction, meiosis 
scrambles the alleles in the resulting cells to 
create genetic diversity. Hence the occurrence 
of a phenotype in an offspring is a random 
variable, and the multinomial distribution is 
a good model for the phenotypic ratio of the 
offspring plants that can be tested by the Chi-
square test.

	 The specific example we will look at 
is the colour of the petals of camellia flowers. 
They are usually red or white, but when red 
and white camellias are bred together, they 
produce a third type with red and white 
patterns. In total there are three discrete 
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outcomes.[2] According to gene theory, if 
a field of only the red-and-white variant of 
camellias are bred, then the offspring will 
have a colour ratio of red:red-and-white:white 
= 1:2:1. The Chi-square test can be used to 
investigate whether this theory holds, and 
how effectively the test rejects it.

Method

	 We use Monte Carlo simulations, 
which entails generating random data that 
will create converging numerical values. 
With the multinomial distribution in the 
code, we will generate random data to arrive 
at the power of each test. Let p1,p2 and p3 
represent the probabilities for red, red-and-
white, and white respectively. We will set 
up the following hypotheses, and carry the 
test at significance level of 5%: H0 -- the 
multinomial distribution for the colours have 
parameters (p1,p2,p3) = (1/4,1/2,1/4) / H1: the 
multinomial distribution is not described by 
H0. 

	 To carry out the simulation, we 
will use python to generate multinomial 
distributions with (p1,p2,p3) = (p,1/2,1/2-p), 
where p is from (0.16,0.17,…,0.25). We 
will also test sample sizes of 20, 100, and 
1000. Each experiment will be repeated 
10,000 times and the probability of rejection 
is calculated by the number of times the 
test rejected H0 divided by 10000. For 
simulation 1, we will also directly compute 
the theoretical probability of rejection for 
comparison. 

Interpreting results

Both theoretical and experimental powers for 
varying p are displayed side by side: 

	 The two plots are almost identical 
upon initial inspection. For small values of 
n, such as 20, there is a lower probability 
of rejection in the simulations. This could 
just be due to the simulation’s random 
nature, as smaller sample sizes have smaller 
information to converge to theoretical values. 
The overwhelming similarity suggests that 
running 10000 Monte Carlo trials is sufficient 
to generate an accurate representation of 
power in this simulation. 

When p=0.25 (when H0 is true), all three 
sample sizes produce a probability of rejection 
of around 0.05. This is expected since the 
test is designed to have a significance level 
of 0.05, so the probability of type I error will 
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be 0.05. Further comparing the p=0.25 data, 
the n=20 bar is slightly lower than the n=100 
and n=1000 bars, which are closer to 0.05. 
The difference demonstrates the LLN; as n 
increases, the convergence to the expected 
value also strengthens. 

	 From right to left, the models deviate 
more from H0. Note that all values of p except 
for 0.25 are different from H0 and so should 
be rejected. It can be seen that from all three 
sample sizes, the power increases from right 
to left, suggesting that the Chi-square test 
is able to reject more of the tests, when p is 
smaller. We can conclude that the power, the 
probability of rejecting the H0 when it is false, 
of the Chi-square test also increases as the 
discrepancy between H0 and the generating 
distribution increases. 

	 Comparing the trend between all 
bars of different sample sizes, there is a clear 
increase in power from n of 20 to 100 to 1000, 
across all p (except for p=0.24 and 0.25). 
Whereas the n=20 bars never exceed 0.2, the 
n=1000 bars already reached 100% rejection 
by p=0.19. In addition, as discrepancy with 
H0 increases, the rate at which the power 
increases is also faster for higher sample sizes. 
This means that the power of the Chi-square 
test increases significantly when sample 
size is increased. An explanation for this is 
that the variance of the MLE (which is the 
sample average) is inversely proportional to 
n. Therefore, with higher sample sizes the 
variance decreases, so it is easier to tell when 
the data does not come from H0. 

	 Hence from varying the two 
parameters n and p, the bar graph shows 
that the power of the Chi-square test has a 
positive correlation with both the sample size 

and the discrepancy between H0 and the true 
distribution to H0. 

Overparametrisation

	 Overparametrisation is an active 
topic of discussion. As we try to understand 
the world with models, like in a complex 
ecosystem, we can often end up with 
too many parameters and not enough 
observations. In this simulation we repeat a 
similar procedure to the previous one, but 
instead of varying the value of p, we will vary 
the number of categories in the model then 
introduce a variable β which will deviate 
the true distribution based on the category 
number. For the true distribution we will use 
p=(1βc,2βc,…,kβc), where c is a constant that 
will adjust all the probabilities to sum to 1. 

	 The hypotheses are as follows -- 
H0: the multinomial distribution have k 
parameters and each parameter is the same 
/ H1: the multinomial distribution is not 
described by H0

	 The bigger the value of β, the more 
it deviates from H0. When it is 0, the true 
distribution will be the same as H0. Like 
experiment 1, when the true distribution 
agrees with H0, the power of the test fluctuates 
around 0.05. Large values of n tend to show 
less fluctuation, but not by a great extent. A 
bigger number of iterations may yield more 
converging results.
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	 The bigger the parameter β, the 
less uniform the true distribution, hence 
increasing discrepancy to H0. The graphs for 
β=0.1, 0.5, 1 display an eventually decreasing 
power with increasing k. This is caused by an 
increase in the parameter to sample ratio as 
k increases. The more parameters there are 
compared to sample size, the less accurately 
the observations will be able to capture the 
true distribution. 

	 However, there is not a directly 
negative correlation between k and power. 
Notably, for bigger values of β, the power 
is unimodal and peaking at around k=4 or 
k=8. There are likely two competing effects 
going on as k is increased; increasing k likely 
decreases the power but also increases the 
distance from H0. 

	 There are also significant anomalies 
in the trends for k=1024, especially for 
lower values of n and β. There could be two 
possible sources of this anomaly. Either there 
is an error with the random seed generation 
in drawing the random variables, or the 
number of categories is too large to generate 
a converging power. The first explanation is 

unlikely, since repeats of this experiment in 
a different Python code yielded similar but 
not identical results. The latter explanation is 
more likely as the CLT can converge slower 
for more parameters. 

Conclusion

	 In the paper we have shown the key 
parts which are needed to construct the Chi-
square test statistic. From the multinomial 
distribution to estimating the mean and 
variance through the MLE and CLT. With 
these two tools it is possible to link the Chi-
square test statistic with the Chi-square 
distribution through its definition. 

	 Although the multinomial 
distribution may seem limiting, it is versatile 
as it can model many distributions with 
discrete categories. This gives the Chi-
square test a range of applications in real life 
scenarios. 

	 Through the computer simulations, 
we have shown that the Chi-square test is very 
sensitive to reject the null hypothesis when 
the tested distribution differs slightly from 
the null. The sensitivity is further magnified 
with an increasing number of trials, which 
confirms the central limit theorem in practice. 
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Appendix

From KL to MLE

Here we derive an expression for the 
MLE function from KL divergence. Using 
the definition of the KL divergence, we 
can express it as the difference of two 
expectations.

which is fit for applying the LLN, allowing us 
to replace the expectations with averages

c(θ*) simply denotes a constant independent 
of θ. Using the identification property of 
KL, we know that when it is at the absolute 
minimum, then the estimator will converge to 
the truth. Hence, we want to minimise KL.

Thus, we obtain the likelihood function. 

Inverting  (through row reduction)

giving us Σ-1 on the right.
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Chi-Square Statistic from Matrix 
Expansions

 when it is at the absolute minimum, then the 
estimator will converge to the truth. Hence, 
we want to m
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