
​Fall 2026​

​Applications of Four-Vectors in Particle Physics​

​By Tianze Zhang​

​AUTHOR BIO​

​Tianze​ ​Zhang​ ​(Chris)​ ​is​ ​a​ ​high​​school​​student​​in​​New​​Zealand​​with​​a​​strong​​interest​​in​​physics​
​and​ ​mathematical​ ​reasoning.​ ​He​ ​enjoys​ ​using​ ​computational​ ​modelling​ ​to​​explore​​theoretical​​ideas​​and​
​hopes to continue studying physics through an interdisciplinary lens.​

​ABSTRACT​

​Special​​Relativity​​requires​​a​​mathematical​​framework​​that​​treats​​space​​and​​time​​as​​components​​of​
​a​ ​single​ ​four-dimensional​ ​structure.​ ​This​ ​paper​ ​examines​ ​the​ ​four-vector​ ​formalism​ ​as​​that​​framework,​
​tracing​​its​​use​​from​​the​​derivation​​of​​the​​Lorentz​​transformations​​through​​applications​​in​​modern​​particle​
​physics.​​This​​paper​​begins​​with​​the​​failure​​of​​Galilean​​relativity​​to​​accommodate​​Maxwell's​​prediction​​of​
​a​​constant​​speed​​of​​light,​​and​​derives​​the​​Lorentz​​transformations​​that​​resolve​​this​​conflict.​​Time​​dilation​
​is​ ​illustrated​ ​using​ ​the​ ​atmospheric​ ​muon​ ​experiment,​ ​which​ ​confirms​ ​the​ ​effect​ ​experimentally.​
​Four-vectors​ ​are​ ​then​ ​introduced​ ​as​ ​quantities​ ​whose​ ​invariant​ ​length​ ​under​ ​Lorentz​ ​transformations​
​makes​ ​them​ ​suited​ ​to​ ​describing​ ​energy,​ ​momentum,​ ​and​ ​spacetime​ ​intervals​ ​across​ ​reference​ ​frames.​
​Using​ ​this​ ​formalism,​ ​this​ ​paper​ ​analyzes​ ​Compton​ ​scattering,​ ​showing​ ​how​ ​conservation​ ​of​
​four-momentum​ ​produces​ ​the​ ​scattering​ ​formula​ ​and​ ​supports​ ​the​ ​particle​ ​interpretation​ ​of​ ​light.​ ​The​
​paper​ ​extends​ ​to​ ​Feynman​ ​diagrams​ ​and​ ​the​ ​Mandelstam​ ​variables​ ​s,​ ​t,​ ​and​ ​u,​ ​which​ ​provide​ ​a​
​Lorentz-invariant​ ​description​ ​of​ ​scattering​ ​processes​ ​used​ ​throughout​​collider​​physics.​​Each​​application​
​illustrates​ ​the​ ​same​ ​underlying​​principle:​​four-vector​​algebra​​converts​​calculations​​that​​would​​otherwise​
​depend​ ​on​ ​the​ ​observer's​ ​frame​ ​into​ ​results​ ​that​ ​hold​ ​universally.​ ​The​ ​paper​ ​closes​ ​by​ ​connecting​ ​this​
​formalism​​to​​its​​role​​in​​contemporary​​high-energy​​physics,​​where​​scattering​​amplitudes​​and​​cross​​sections​
​are computed directly in terms of invariant four-vector quantities.​
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​I. INTRODUCTION​

​The​ ​history​ ​of​ ​physics​ ​is​​one​​of​​unification.​​Where​​Isaac​​Newton​​unified​​the​​falling​​apple​​with​
​the​​orbiting​​moon,​​the​​early​​20th​​century​​necessitated​​a​​reconciliation​​between​​the​​mechanics​​of​​moving​
​bodies​ ​and​ ​the​ ​electrodynamics​ ​of​ ​fields.​ ​This​ ​report​ ​provides​ ​an​ ​analysis​ ​of​ ​the​ ​mathematical​ ​and​
​physical​​framework​​that​​emerged​​from​​this​​reconciliation:​​the​​four-vector​​formalism​​of​​Special​​Relativity.​
​We​ ​explore​ ​how​ ​the​ ​transition​ ​from​ ​a​ ​three-dimensional​ ​Euclidean​ ​worldview​ ​to​ ​a​ ​four-dimensional​
​Minkowski​ ​spacetime​ ​is​ ​not​ ​merely​ ​a​ ​mathematical​ ​convenience​ ​but​ ​a​ ​fundamental​ ​requirement​ ​for​
​describing the high-energy universe.​

​A. The Classical Foundation and Its Cracks​

​Classical​ ​mechanics,​ ​governed​ ​by​ ​Newton’s​ ​laws,​​relies​​on​​the​​concept​​of​​absolute​​time.​​In​​the​
​Newtonian​ ​paradigm,​ ​time​ ​is​ ​a​ ​universal​ ​parameter,​ ​,​ ​flowing​ ​uniformly​ ​and​ ​independently​ ​of​ ​any​​𝑡​
​observer.​​Space​​is​​a​​rigid,​​Euclidean​​container.​​The​​transformation​​between​​two​​inertial​​reference​​frames,​
​frames​​moving​​at​​constant​​velocity​​relative​​to​​one​​another,​​is​​described​​by​​the​​Galilean​​transformation.​​If​
​a​​frame​ ​moves​​with​​constant​​velocity​ ​along​​the​ ​-axis​​relative​​to​​frame​ ​,​​the​​coordinates​​transform​​𝑆​​'​ ​𝑣​ ​𝑥​ ​𝑆​
​as:​

​𝑥​​'​ = ​𝑥​ − ​𝑣𝑡​, ​  ​​𝑡​​'​ = ​𝑡​

​This​​transformation​​implies​​that​​velocities​​add​​linearly:​ ​.​​For​​centuries,​​this​​relation​​𝑢​​'​ = ​𝑢​ − ​𝑣​
​held,​​accurately​​describing​​everything​​from​​ballistics​​to​​planetary​​orbits.​​However,​​the​​edifice​​of​​classical​
​mechanics​ ​began​ ​to​ ​fracture​ ​with​ ​the​ ​advent​ ​of​​James​​Clerk​​Maxwell’s​​equations​​of​​electromagnetism.​
​Maxwell’s​ ​theory​ ​predicted​ ​the​ ​existence​ ​of​ ​electromagnetic​ ​waves​ ​propagating​ ​at​ ​a​ ​fixed​ ​speed,​ ​,​​𝑐​
​roughly​ ​m/s.​ ​A​ ​critical​ ​contradiction​ ​arose:​ ​if​ ​the​ ​Galilean​ ​velocity​ ​addition​ ​law​ ​were​ ​true,​ ​an​​3×​​10​​8​

​observer​ ​chasing​ ​a​ ​light​ ​beam​ ​at​ ​speed​ ​should​ ​measure​ ​the​ ​light’s​ ​speed​ ​as​ ​.​ ​Yet,​ ​Maxwell’s​​𝑣​ ​𝑐​ − ​𝑣​
​equations​ ​contain​ ​no​ ​reference​​to​​the​​velocity​​of​​the​​source​​or​​the​​observer;​ ​appears​​as​​a​​fundamental​​𝑐​
​constant​ ​of​ ​nature,​ ​determined​ ​solely​ ​by​ ​the​ ​permittivity​ ​and​​permeability​​of​​the​​vacuum​​(​ ​,​ ​).​​This​ϵ

​0​
µ

​0​
​conflict​​suggested​​two​​possibilities:​​either​​Maxwell’s​​equations​​were​​incomplete​​(requiring​​a​​medium​​to​
​define​ ​a​ ​preferred​ ​frame),​ ​or​ ​the​ ​Galilean​ ​transformation​ ​was​ ​only​ ​an​ ​approximation​ ​valid​ ​at​ ​low​
​velocities (DiSalle, 2020).​

​B. The Breakdown at High Velocities​

​The​​resolution,​​formalized​​by​​Albert​​Einstein​​in​​1905,​​was​​to​​accept​​the​​constancy​​of​​the​​speed​​of​
​light​ ​as​ ​a​ ​postulate​ ​(Einstein,​ ​1905).​ ​This​ ​acceptance​ ​forces​ ​the​ ​abandonment​ ​of​ ​absolute​ ​time.​ ​If​ ​is​​𝑐​
​invariant,​ ​temporal​ ​measurements​ ​must​ ​vary​ ​between​ ​observers​ ​to​ ​compensate​ ​for​ ​spatial​ ​motion.​
​Newtonian​​mechanics​​works​​exceptionally​​well​​as​​an​​approximation​​when​​velocities​​are​​small​​compared​
​to​ ​light​ ​(​ ​).​ ​In​ ​this​ ​limit,​ ​the​ ​Lorentz​​factor​ ​,​​and​​relativistic​​equations​​reduce​​to​​classical​​ones.​​𝑣​​≪​​𝑐​ ​γ≈1​
​However, as​ ​, Newtonian mechanics fails catastrophically​​(Rivadulla, 2004; Tasson, 2019):​​𝑣​​→​​𝑐​

​•​ ​Velocity Addition:​​Galilean addition allows velocities​​to exceed​ ​, violating causality.​​𝑐​
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​•​ ​Inertia:​ ​In​ ​classical​ ​mechanics,​ ​a​ ​constant​ ​force​ ​produces​ ​constant​ ​acceleration​ ​(​ ​).​ ​In​​𝐹​ = ​𝑚𝑎​
​relativity,​ ​as​ ​a​ ​particle​ ​approaches​ ​,​ ​its​ ​resistance​ ​to​ ​acceleration​​increases​​effectively​​to​​infinity,​​𝑐​
​preventing it from crossing the light barrier.​

​•​ ​Energy​ ​Divergence:​ ​The​ ​classical​ ​kinetic​ ​energy​ ​remains​ ​finite​ ​at​​any​​velocity.​​The​​𝐾​ = ​1​
​2​ ​𝑚​​𝑣​​2​

​relativistic​​energy​​diverges​​as​ ​,​​requiring​​infinite​​energy​​to​​accelerate​​a​​massive​​particle​​to​​light​​𝑣​​→​​𝑐​
​speed.​

​The​ ​four-vector​ ​formalism​ ​ensures​ ​there​ ​is​ ​no​ ​failure​ ​mathematically.​ ​Creating​ ​a​​single​​vector​​that​​has​
​space​​in​​three​​dimensions​​and​​a​​fourth​​of​​time,​​this​​dictates​​that​​the​​equations​​must​​maintain​​their​​form.​
​Maintaining​ ​their​ ​form​ ​simply​ ​means​ ​that​ ​the​ ​system​ ​being​ ​described​ ​looks​ ​the​ ​same​ ​in​ ​all​ ​inertial​
​reference frames.​

​II. LORENTZ TRANSFORMATIONS AND CONSEQUENCES​

​The​​invariance​​of​​the​​speed​​of​​light​​requires​​a​​new​​set​​of​​transformations​​between​​inertial​​frames,​
​replacing​ ​the​ ​Galilean​ ​relations.​ ​These​ ​transformations​ ​must​​preserve​​the​​causal​​structure​​of​​spacetime.​
​That​​is,​​the​​geometric​​arena​​in​​which​​events​​are​​located​​by​​specifying​​both​​their​​spatial​​position​​and​​the​
​time​ ​at​ ​which​ ​they​ ​occur​ ​to​ ​ensure​ ​that​ ​all​ ​inertial​ ​observers​ ​measure​ ​the​ ​same​ ​value​ ​of​ ​.​ ​This​ ​leads​​𝑐​
​naturally to the Lorentz transformations (Taylor & Wheeler, 1992).​

​A. Inertial Frames And The Standard Configuration​

​We​ ​consider​ ​two​ ​inertial​ ​frames​ ​and​ ​in​ ​the​ ​standard​ ​configuration.​ ​Frame​ ​moves​ ​with​​𝑆​ ​𝑆​​'​ ​𝑆​​'​
​constant​ ​velocity​ ​along​​the​ ​-axis​​of​ ​,​​and​​the​​origins​​coincide​​at​ ​.​​The​​coordinates​​of​​an​​𝑣​ ​𝑥​ ​𝑆​ ​𝑡​ = ​𝑡​​'​ = ​0​
​event are denoted by​ ​in​ ​and​ ​in​ ​.​(​𝑡​, ​𝑥​, ​𝑦​, ​𝑧​) ​𝑆​ (​𝑡​​'​, ​𝑥​​'​, ​𝑦​​'​, ​𝑧​​'​) ​𝑆​​'​

​B. Lorentz Transformations in 1+1 Dimensions​

​While​​the​​Galilean​​transformations​ ​fail​​to​​preserve​​the​​speed​​of​​light,​​𝑥​​'​ = ​𝑥​ − ​𝑣𝑡​, ​  ​​𝑡​​'​ = ​𝑡​,
​Einstein’s​ ​postulates​ ​require​ ​that​ ​the​ ​speed​ ​of​ ​a​ ​light​​pulse​​be​ ​in​​both​ ​and​ ​.​​A​​light​​pulse​​emitted​​𝑐​ ​𝑆​ ​𝑆​​'​
​from​ ​the​ ​common​ ​origin​ ​at​ ​satisfies​ ​in​ ​and​ ​in​ ​.​ ​More​​𝑡​ = ​𝑡​​'​ = ​0​ ​𝑐​​2​​𝑡​​2​ − ​𝑥​​2​ = ​0​ ​𝑆​ ​𝑐​​2​​𝑡​​'​​2​ − ​𝑥​​'​​2​ = ​0​ ​𝑆​​'​
​generally,​ ​if​ ​we​ ​demand​ ​that​ ​the​ ​transformations​ ​between​ ​inertial​ ​frames​ ​be​ ​linear​ ​(as​ ​required​ ​by​ ​the​
​homogeneity​ ​of​ ​spacetime),​ ​then​ ​the​ ​quantity​ ​must​ ​be​ ​invariant​ ​under​ ​these​​𝑠​​2​ = ​𝑐​​2​​𝑡​​2​ − ​𝑥​​2​

​transformations.​ ​This​ ​requirement,​ ​together​ ​with​ ​the​ ​assumption​ ​of​ ​linearity,​ ​uniquely​ ​determines​ ​the​
​Lorentz transformations. For motion along the​ ​-direction,​​they are given by​​𝑥​

​with the Lorentz​​factor​​𝑡​​'​ = ​γ​ ​𝑡​ − ​𝑣​

​𝑐​​2​ ​𝑥​( ), ​𝑥​​'​ = ​γ​(​𝑥​ − ​𝑣𝑡​), ​γ​ = ​1​

​1​−​𝑣​​2​​/​​𝑐​​2​
.

​The​​transverse​​coordinates​​remain​​unchanged:​ ​,​ ​.​​It​​is​​straightforward​​to​​verify​​that​​𝑦​​'​ = ​𝑦​ ​𝑧​​'​ = ​𝑧​
​these​ ​relations​ ​satisfy​ ​illustrating​ ​that​ ​Lorentz​ ​transformations​ ​preserve​ ​the​​𝑐​​2​​𝑡​​'​​2​ − ​𝑥​​'​​2​ = ​𝑐​​2​​𝑡​​2​ − ​𝑥​​2​,
​spacetime interval.​
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​C. Matrix Form of Lorentz Transformations​

​It​ ​is​ ​convenient​ ​to​ ​write​ ​spacetime​ ​coordinates​ ​as​ ​a​ ​column​ ​vector,​
​Then a Lorentz​​transformation can be expressed compactly as​​𝑋​ = ​𝑐𝑡​​ ​​𝑥​​ ​​𝑦​​ ​​𝑧​​ ​( ), ​  ​​𝑋​​'​ = ​𝑐𝑡​​'​​ ​​𝑥​​'​​ ​​𝑦​​'​​ ​​𝑧​​'​​ ​( ).

​where​ ​is​ ​the​ ​Lorentz​ ​transformation​ ​matrix.​ ​For​ ​a​ ​boost​ ​along​ ​the​ ​-axis,​ ​we​ ​have​​𝑋​​'​ = ​Λ​​𝑋​, Λ ​4×4​ ​𝑥​
​These​​matrices​​satisfy​​the​​defining​​relation​​Λ​ = γ​ ​ − ​βγ​​ ​​0​​ ​​0​​ ​ − ​βγ​​ ​γ​ ​​0​​ ​​0​​ ​​0​​ ​​0​​ ​​1​​ ​​0​​ ​​0​​ ​​0​​ ​​0​​ ​​1​​ ​( ), ​  β​ = ​𝑣​

​𝑐​ .

​of​ ​the​ ​Lorentz​ ​group,​ ​where​ ​is​ ​the​ ​Minkowski​ ​metric.​ ​This​Λ​𝑇​​ηΛ​ = ​η​, ​η​ = ​𝑑𝑖𝑎𝑔​(​1​, − ​1​, − ​1​, − ​1​)
​expresses​ ​the​ ​invariance​ ​of​ ​the​ ​interval​ ​in​ ​matrix​ ​language.​ ​In​ ​the​​following​​section,​​we​​will​​introduce​
​index​ ​notation​ ​and​ ​the​ ​concept​ ​of​ ​four-vectors,​ ​which​ ​generalize​ ​this​ ​matrix​ ​structure​ ​to​ ​all​ ​physical​
​quantities.​

​D. Simple Consequences of Lorentz Transformations​

​1. Time Dilation​

​Consider​ ​a​ ​clock​ ​at​ ​rest​ ​in​ ​frame​ ​,​ ​so​ ​that​ ​and​​the​​proper​​time​​interval​​is​ ​.​​𝑆​​'​ ​Δ​​𝑥​​'​ = ​0​ ​Δτ​ = ​Δ​​𝑡​​'​
​Using​​the​​Lorentz​​transformation,​ ​we​​see​​that​​moving​​clocks​​run​​more​​slowly​​when​​observed​​Δ​​𝑡​ = ​γ Δτ​,
​from​ ​another​ ​inertial​ ​frame.​ ​This​ ​effect​ ​is​ ​essential​ ​in​ ​particle​ ​physics.​ ​A​ ​striking​ ​example​ ​is​ ​the​
​cosmic-ray​​muon.​​Muons​​produced​​by​​cosmic-ray​​interactions​​in​​the​​upper​​atmosphere​​have​​a​​rest-frame​
​half-life​​of​​approximately​ ​(Navas​​et​​al.,​​2024).​​Without​​time​​dilation,​​a​​muon​​traveling​​at​​close​​1​. ​56 μ​​𝑠​
​to​ ​would​​traverse​​only​​a​​few​​hundred​​meters​​before​​decaying,​​far​​less​​than​​the​​roughly​​15​​km​​from​​the​​𝑐​
​upper​​atmosphere​​to​​the​​Earth’s​​surface.​​However,​​because​​such​​muons​​are​​highly​​relativistic​​(​​γ∼10–100​
​),​​their​​observed​​lifetime​​in​​the​​laboratory​​frame​​is​​dilated​​by​​the​​factor​ ​,​​allowing​​a​​significant​​fraction​γ
​to​​reach​​sea​​level.​​This​​was​​among​​the​​earliest​​experimental​​confirmations​​of​​Special​​Relativity​​(Rossi​​&​
​Hall, 1941).​

​2. Length Contraction​

​A​​rod​​of​​rest​​length​ ​(the​​length​​measured​​by​​an​​observer​​for​​whom​​the​​rod​​is​​stationary)​​is​​at​​𝐿​
​0​

​rest​​in​​frame​ ​.​​To​​measure​​its​​length​​in​ ​,​​the​​positions​​of​​its​​endpoints​​must​​be​​recorded​​simultaneously​​𝑆​ ​𝑆​​'​

​in​ ​,​ ​i.e.,​ ​.​ ​Applying​ ​the​ ​Lorentz​ ​transformation​ ​gives​ ​showing​ ​that​ ​moving​ ​objects​​𝑆​​'​ ​Δ​​𝑡​​'​ = ​0​ ​𝐿​ =
​𝐿​

​0​

γ ,
​appear​ ​shortened​ ​along​​the​​direction​​of​​motion.​​Note​​that​​this​​contraction​​is​​intimately​​connected​​to​​the​
​relativity​ ​of​ ​simultaneity:​ ​the​ ​requirement​ ​that​ ​the​ ​endpoints​ ​be​ ​measured​ ​at​ ​the​ ​same​ ​time​ ​in​ ​is​​𝑆​​'​
​essential,​ ​since​ ​observers​ ​in​ ​different​ ​frames​ ​disagree​ ​on​ ​what​ ​constitutes​ ​“the​ ​same​ ​time.”​ ​Length​
​contraction​​is​​therefore​​not​​a​​mechanical​​compression​​of​​the​​object,​​but​​a​​consequence​​of​​the​​structure​​of​
​spacetime itself.​

​3. Relativity of Simultaneity​
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​Events​​that​​are​​simultaneous​​in​​one​​inertial​​frame​​don’t​​have​​to​​be​​simultaneous​​in​​another;​​this​
​holds​​true​​unless​​the​​events​​happen​​at​​the​​exact​​same​​place.​​We​​can​​see​​this​​in​​the​​equation​​below,​​if​ ​is​​Δ​​𝑥​
​zero,​ ​then​ ​there​ ​would​ ​be​ ​no​ ​change​ ​in​ ​time.​ ​However,​ ​if​ ​the​ ​events​ ​do​ ​not​ ​take​ ​place​ ​at​ ​the​ ​exact​
​location, then the two events could happen at another time in a different frame.​

​(1)​​Δ​​𝑡​​'​ =− ​γ​ ​𝑣​

​𝑐​​2​ ​Δ​​𝑥​.

​Thus,​​simultaneity​​is​​frame-dependent.​​We​​can​​see​​that​​time​​is​​dependent​​on​​location​​in​​the​​above​
​equation.​​Therefore,​​there​​is​​a​​connection​​between​​space​​and​​time​​under​​Lorentz​​transformations,​​this​​is​
​why the separation of space and time in Newtonian physics isn’t applicable in all applications.​

​4. Relativistic Velocity Addition​

​Suppose​ ​a​ ​particle​​moves​​in​​frame​ ​with​​velocity​ ​,​​while​​frame​ ​moves​​with​​speed​ ​relative​​to​ ​.​​𝑆​ ​𝑢​
​𝑥​

​𝑆​​'​ ​𝑣​ ​𝑆​
​Differentiating the Lorentz transformation equations yields the velocity addition law,​

​𝑢​​'​
​𝑥​

=
​𝑢​

​𝑥​
−​𝑣​

​1​−
​𝑢​

​𝑥​
​𝑣​

​𝑐​​2​

.

​This​​ensures​​that​​no​​matter​​how​​velocities​​combine,​​the​​resulting​​speed​​never​​exceeds​ ​.​​For​​example,​​if​​𝑐​
​both​ ​and​ ​,​​Galilean​​addition​​would​​predict​ ​,​​while​​the​​relativistic​​formula​​𝑢​

​𝑥​
= ​0​. ​9​​𝑐​ ​𝑣​ = ​0​. ​9​​𝑐​ ​𝑢​​'​ = ​1​. ​8​​𝑐​

​gives​ ​,​ ​safely​ ​below​ ​the​ ​speed​ ​of​ ​light.​​In​​collider​​physics,​​where​​particles​​are​​viewed​​from​​𝑢​​'≈0​. ​994​​𝑐​
​different boosted frames, this formula is frequently essential.​

​5. Rapidity and Boost Composition​

​For​​high-energy​​physics​​it​​is​​often​​more​​convenient​​mathematically​​to​​parameterize​​boosts​​in​​terms​​of​​the​
​rapidity​ ​, defined by​θ
​𝑡𝑎𝑛ℎ​​θ​ = ​β​, ​  γ​ = ​𝑐𝑜𝑠ℎ​​θ​, ​  γβ​ = ​𝑠𝑖𝑛ℎ​​θ​.

​In this language, a boost along​ ​axis takes the​​form​​𝑥​
​Λ​(​θ​) = ​𝑐𝑜𝑠ℎ​θ​ ​ − ​𝑠𝑖𝑛ℎ​θ​ ​​0​​ ​​0​​ ​ − ​𝑠𝑖𝑛ℎ​θ​ ​​𝑐𝑜𝑠ℎ​θ​ ​​0​​ ​​0​​ ​​0​​ ​​0​​ ​​1​​ ​​0​​ ​​0​​ ​​0​​ ​​0​​ ​​1​​ ​( )

​This​ ​matrix​ ​only​ ​includes​ ​the​ ​x​ ​axis​ ​and​ ​time,​ ​so​ ​there​ ​is​​no​​rotation​​or​​mathematical​​elements​​of​​two​
​axis, such as x-y or z-x.​

​A significant advantage is that successive boosts along the same axis simply add:​
θ

​𝑡𝑜𝑡𝑎𝑙​
= θ

​1​
+ θ

​2​
.

​This makes rapidity an effective tool in motion analysis and collisions.​
​Lorentz​ ​transformations​ ​as​ ​discussed​ ​above​ ​are​ ​critical​ ​when​ ​analyzing​​spacetime​​intervals.​​This​​is​​the​
​rational​ ​to​ ​have​ ​these​ ​physical​​quantities​​that​​transform​​linearly​​and​​have​​invariant​​magnitudes​​because​
​they​​are​​unchanged​​by​​the​​observer.​​Next,​​we​​will​​cover​​four​​vectors,​​the​​Minkowski​​metric​​and​​invariant​
​quantities that fundamentally help define relativistic particle dynamics and scatter theory.​
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​III. FOUR-VECTORS AND LORENTZ INVARIANTS​

​The​ ​defining​ ​feature​ ​of​ ​the​ ​Lorentz​ ​transformations​ ​is​ ​the​ ​preservation​ ​of​ ​the​ ​spacetime​ ​interval.​ ​This​
​suggests​ ​that​ ​physical​ ​laws​ ​should​ ​be​ ​formulated​ ​in​ ​terms​ ​of​ ​quantities​ ​that​ ​transform​ ​linearly​ ​under​
​Lorentz​ ​transformations​ ​and​ ​possess​ ​invariant​ ​scalar​ ​magnitudes.​ ​Such​ ​quantities​ ​are​ ​known​ ​as​
​four-vectors.​ ​In​ ​relativistic​ ​particle​ ​physics,​ ​four-vectors​ ​provide​ ​the​ ​natural​ ​language​ ​for​ ​describing​
​spacetime​​events,​​energy,​​momentum,​​and​​interactions​​in​​a​​manner​​that​​is​​independent​​of​​the​​observer’s​
​inertial frame (Griffiths, 2008; Halzen & Martin, 1984).​

​A. Four-Vectors and Index Notation​

​A​ ​four-vector​ ​is​ ​defined​ ​as​ ​an​ ​object​ ​whose​ ​components​ ​transform​ ​under​ ​a​ ​Lorentz​ ​transformation​​𝐴​µ

​according to​
​𝐴​​'​µ = Λµ​​​

ν
​𝐴​ν,

​where​ ​is​​a​​Lorentz​​transformation​​matrix.​​Throughout​​this​​report,​​Greek​​indices​ ​label​Λµ​​​
ν

​μ​, ​ν​ = ​0​, ​1​, ​2​, ​3​
​spacetime​ ​components,​ ​while​ ​Latin​ ​indices​ ​denote​ ​purely​ ​spatial​ ​components.​ ​Repeated​​𝑖​, ​𝑗​ = ​1​, ​2​, ​3​
​indices are implicitly summed over, following the Einstein summation convention.​

​The geometry of spacetime is encoded in the Minkowski metric,​

η
​μν​

= ​𝑑𝑖𝑎𝑔​(​1​, − ​1​, − ​1​, − ​1​),

​which allows indices to be raised and lowered:​

​𝐴​
µ

= η
​μν​

​𝐴​ν, ​  ​​𝐴​µ = η​μν​​𝐴​
ν
.

​Quantities​ ​constructed​ ​by​ ​contracting​ ​indices,​ ​such​ ​as​ ​,​​are​​Lorentz​​scalars​​and​​therefore​​invariant​​𝐴​µ​𝐵​
µ

​under changes of inertial frame.​

​B. The Spacetime Four-Vector​​𝑋​µ

​The position of an event in spacetime is described by the spacetime four-vector​
​𝑋​µ = (​𝑐𝑡​, ​𝑥​, ​𝑦​, ​𝑧​),

​or, in covariant form,​
​𝑋​

µ
= (​𝑐𝑡​, − ​𝑥​, − ​𝑦​, − ​𝑧​).

​Under a Lorentz transformation,​ ​transforms​​linearly, preserving the invariant spacetime interval​​𝑋​µ

∆​𝑠​​2​ = ​Δ​​𝑋​µ∆​𝑋​
µ

= ​𝑐​​2​∆​𝑡​​2​ − ​Δ​​𝑥​​2​.
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​The sign of​ ​classifies the separation between two events into three physically distinct categories.​∆​𝑠​​2​

​If​ ​,​​the​​separation​​is​​timelike.​​In​​this​​case​​there​​exists​​an​​inertial​​frame​​in​​which​​the​​two​​events​∆​𝑠​​2​ > ​0​
​occur​ ​at​ ​the​ ​same​ ​spatial​ ​position​ ​but​ ​at​ ​different​ ​times.​ ​Timelike-separated​ ​events​ ​can​ ​be​ ​causally​
​connected by the motion of a massive particle, and the proper time between them is real and nonzero.​

​If​ ​,​ ​the​ ​separation​ ​is​ ​spacelike.​ ​There​ ​exists​ ​a​ ​frame​ ​in​ ​which​ ​the​ ​events​ ​are​​simultaneous​​but​∆​𝑠​​2​ < ​0​
​occur​​at​​different​​spatial​​locations.​​No​​causal​​influence​​can​​propagate​​between​​spacelike-separated​​events​
​without exceeding the speed of light, and the temporal order of such events is frame-dependent.​

​If​ ​,​​the​​separation​​is​​lightlike​​or​​null.​​The​​events​​lie​​on​​the​​light​​cone​​and​​can​​be​​connected​​only​∆​𝑠​​2​ = ​0​
​by​​signals​​traveling​​at​​the​​speed​​of​​light.​​Lightlike​​intervals​​define​​the​​causal​​boundary​​between​​timelike​
​and spacelike regions and play a fundamental role in relativistic field theory.​

​C. Proper Time and Four-Velocity​

​For a particle moving along a worldline​ ​, the invariant interval defines the proper time​ ​via​​𝑋​µ(​τ​) τ
​𝑐​​2​​𝑑​τ​2​ = ​𝑐​​2​​𝑑​​𝑡​​2​ − ​𝑑​​𝑥​​2​.

​Proper​​time​​is​​the​​time​​measured​​in​​the​​instantaneous​​rest​​frame​​of​​the​​particle​​and​​is​​a​​Lorentz-invariant​
​quantity.​

​The four-velocity is defined as the derivative of the spacetime four-vector with respect to proper time:​

​𝑈​µ = ​𝑑​​𝑋​µ

​𝑑​​τ​ .

​In terms of the three-velocity​ ​, this takes the​​explicit form​​𝑣​
​𝑈​µ = ​γ​(​𝑐​, ​𝑣​),

​where​ ​. A key property of​​the four-velocity is that its Minkowski norm is invariant:​​γ​ = (​1​ − ​𝑣​​2​​/​​𝑐​​2​)−​1/2​

​𝑈​µ​𝑈​
µ

= ​𝑐​​2​.
​This​​result​​holds​​for​​all​​massive​​particles,​​regardless​​of​​their​​state​​of​​motion,​​and​​highlights​​the​​geometric​
​nature of relativistic dynamics.​

​D. Four-Momentum​​𝑃​µ

​In relativistic mechanics, energy and momentum are unified into the four-momentum,​
​𝑃​µ = ​𝑚​​𝑈​µ = ​𝐸​

​𝑐​ , ​𝑝​( ),

​where​ ​is​​the​​invariant​​(rest)​​mass​​of​​the​​particle,​ ​is​​its​​total​​energy,​​and​ ​is​​its​​three-momentum.​​The​​𝑚​ ​𝐸​ ​𝑝​
​covariant form is​
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​𝑃​
µ

= ​𝐸​
​𝑐​ , − ​𝑝​( ).

​From the definition​ ​, we can​​read off the explicit expressions​​𝑃​µ = ​𝑚​​𝑈​µ = ​𝑚​​γ​(​𝑐​, ​𝑣​)
​𝐸​ = ​γ​​𝑚​​𝑐​​2​, ​  ​​𝑝​ = ​γ​​𝑚𝑣​.

​In​ ​the​ ​non-relativistic​ ​limit​ ​(​ ​),​ ​the​​Lorentz​​factor​​admits​​a​​Taylor​​expansion​ ​,​​so​​𝑣​​≪​​𝑐​ ​γ≈1​ + ​1​
​2​

​𝑣​​2​

​𝑐​​2​ + ​⋯​

​that​
​𝐸​ = ​γ​​𝑚​​𝑐​​2​​≈​​𝑚​​𝑐​​2​ + ​1​

​2​ ​𝑚​​𝑣​​2​ + ​⋯​,
​recovering the rest energy plus the classical kinetic energy.​

​E. Energy–Momentum Invariant​

​The contraction of the four-momentum with itself yields a Lorentz-invariant scalar:​

​𝑃​µ​𝑃​
µ

= ​𝐸​​2​

​𝑐​​2​ − ​𝑝​​2​.

​Evaluating this quantity in the particle’s rest frame, where​ ​and​ ​, gives​​𝑝​ = ​0​ ​𝐸​ = ​𝑚​​𝑐​​2​

​𝑃​µ​𝑃​
µ

= ​𝑚​​2​​𝑐​​2​.
​Since​​this​​quantity​​is​​invariant,​​it​​must​​take​​the​​same​​value​​in​​all​​inertial​​frames.​​This​​leads​​directly​​to​​the​
​relativistic energy–momentum relation,​

​𝐸​​2​ = ​𝑝​​2​​𝑐​​2​ + ​𝑚​​2​​𝑐​​4​.
​For​ ​massless​ ​particles​ ​such​ ​as​ ​photons​ ​(​ ​),​ ​this​ ​reduces​ ​to​ ​,​ ​demonstrating​ ​that​ ​the​​𝑚​ = ​0​ ​𝐸​ = ​𝑝𝑐​
​four-vector formalism naturally accommodates both massive and massless particles.​

​F. Role of Invariants in Particle Physics​

​Lorentz​ ​invariants​ ​play​ ​a​ ​central​ ​role​ ​in​ ​particle​ ​physics​ ​because​ ​they​ ​allow​ ​physical​ ​processes​ ​to​ ​be​
​analyzed​ ​independently​ ​of​ ​the​ ​observer’s​ ​frame.​ ​The​ ​invariant​ ​mass​ ​of​ ​a​ ​particle​ ​or​ ​system​ ​can​ ​be​
​determined​ ​from​ ​measurements​ ​of​ ​energy​ ​and​ ​momentum​ ​in​ ​any​ ​frame.​ ​Furthermore,​ ​four-momentum​
​conservation,​

​𝑖𝑛𝑖𝑡𝑖𝑎𝑙​
∑ ​𝑃​µ =

​𝑓𝑖𝑛𝑎𝑙​
∑ ​𝑃​µ,

​provides​ ​a​ ​compact​ ​and​ ​frame-independent​ ​statement​ ​of​ ​the​ ​conservation​ ​laws​ ​governing​ ​particle​
​interactions.​​Threshold​​energies,​​scattering​​kinematics,​​and​​decay​​products​​are​​most​​easily​​understood​​by​
​evaluating​​Lorentz​​invariants​​to​​simplify​​the​​mathematics.​​Then​​once​​solving​​the​​calculations​​in​​a​​simpler​
​frame,​ ​one​ ​can​ ​convert​ ​the​ ​data​ ​back​ ​to​ ​any​ ​other​ ​frame.​ ​In​ ​the​ ​following​ ​section,​ ​we​ ​apply​ ​the​
​four-vector​​formalism​​to​​particle​​interactions,​​including​​relativistic​​collisions,​​photon–particle​​scattering,​
​and the kinematic structure underlying Feynman diagrams.​
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​I​​V. PARTICLE INTERACTIONS AND KINEMATICS​

​The​​power​​of​​the​​four-vector​​formalism​​becomes​​most​​apparent​​when​​analyzing​​particle​​interactions.​​In​
​classical​ ​mechanics,​ ​energy​ ​and​ ​momentum​ ​are​ ​conserved​ ​separately.​ ​In​ ​relativistic​ ​physics,​ ​these​ ​are​
​unified​ ​into​ ​the​ ​conservation​ ​of​ ​four-momentum.​ ​For​ ​any​ ​isolated​ ​system​ ​of​ ​particles,​ ​the​ ​total​
​four-momentum is conserved:​

​𝑖𝑛𝑖𝑡𝑖𝑎𝑙​
∑ ​𝑃​

​𝑖​
µ =

​𝑓𝑖𝑛𝑎𝑙​
∑ ​𝑃​

​𝑓​
µ.

​This​ ​single​ ​vector​ ​equation​ ​encompasses​ ​both​ ​the​ ​conservation​ ​of​ ​relativistic​ ​energy​ ​(the​ ​temporal​
​component,​ ​) and the conservation of three-momentum​​(the spatial components,​ ​).​​μ​ = ​0​ ​μ​ = ​1​, ​2​, ​3​

​The​ ​utility​ ​of​ ​this​ ​formalism​ ​lies​ ​in​ ​the​ ​Lorentz​ ​invariance​ ​of​ ​the​ ​scalar​ ​product​ ​.​ ​Because​ ​this​​𝑃​µ​𝑃​
µ

​quantity​ ​is​ ​frame-independent,​ ​we​ ​can​ ​evaluate​ ​the​ ​kinematics​ ​of​ ​a​ ​collision​ ​in​ ​the​ ​frame​ ​where​ ​the​
​algebra​​is​​simplest,​​typically​​the​​Center​​of​​Momentum​​(CM)​​frame,​​and​​the​​results​​will​​hold​​true​​for​​an​
​observer in the laboratory frame.​

​A. Colliders vs. Fixed Target Experiments​

​One​ ​of​ ​the​ ​most​ ​consequential​ ​applications​ ​of​ ​relativistic​ ​kinematics​ ​is​ ​the​ ​comparison​ ​between​
​fixed-target​ ​experiments​ ​and​​colliding-beam​​experiments.​​Consider​​the​​goal​​of​​creating​​a​​heavy​​particle​
​of mass​ ​from the collision of two lighter particles​​of mass​ ​.​​𝑀​ ​𝑚​

​1. Fixed Target Scenario​

​Consider​​a​​beam​​particle​​with​​energy​ ​and​​mass​ ​colliding​​with​​a​​stationary​​target​​particle​​of​​mass​​𝐸​
​𝑙𝑎𝑏​

​𝑚​
​. The four-momenta in the laboratory frame are:​​𝑚​

​𝑃​
​𝑏𝑒𝑎𝑚​

=
​𝐸​

​𝑙𝑎𝑏​

​𝑐​ , ​𝑝​
​𝑙𝑎𝑏​( ),

​𝑃​
​𝑡𝑎𝑟𝑔𝑒𝑡​

= (​𝑚𝑐​, ​0​).

​The​​square​​of​​the​​total​​four-momentum​​is​​an​​invariant​​whose​​value​​equals​ ​,​​where​ ​is​​the​​total​​𝐸​
​𝑐𝑚​
​2​ ​/​​𝑐​​2​ ​𝐸​

​𝑐𝑚​
​energy in the CM frame (we will formalize this as the Mandelstam variable​ ​in Section V B):​​𝑠​

​𝐸​
​𝑐𝑚​
​2​

​𝑐​​2​ = (​𝑃​
​𝑏𝑒𝑎𝑚​

+ ​𝑃​
​𝑡𝑎𝑟𝑔𝑒𝑡​

)​2​ = ​𝑃​
​𝑏𝑒𝑎𝑚​
​2​ + ​𝑃​

​𝑡𝑎𝑟𝑔𝑒𝑡​
​2​ + ​2​​𝑃​

​𝑏𝑒𝑎𝑚​
· ​𝑃​

​𝑡𝑎𝑟𝑔𝑒𝑡​
.

​Using the invariant mass relation​ ​:​​𝑃​​2​ = ​𝑚​​2​​𝑐​​2​

​𝐸​
​𝑐𝑚​
​2​

​𝑐​​2​ = ​𝑚​​2​​𝑐​​2​ + ​𝑚​​2​​𝑐​​2​ + ​2​
​𝐸​

​𝑙𝑎𝑏​

​𝑐​ ​⋅​​𝑚𝑐​ − ​𝑝​
​𝑙𝑎𝑏​

· ​0​( ).

​Simplifying, we find:​
​𝐸​

​𝑐𝑚​
​2​ = ​2​​𝑚​​2​​𝑐​​4​ + ​2​​𝑚​​𝑐​​2​​𝐸​

​𝑙𝑎𝑏​
.
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​In​ ​the​ ​high-energy​​limit​​where​ ​,​​the​​available​​energy​​for​​particle​​creation​​scales​​as​​the​​square​​𝐸​
​𝑙𝑎𝑏​

​≫​​𝑚​​𝑐​​2​

​root of the beam energy:​

​𝐸​
​𝑐𝑚​

≈ ​2​​𝑚​​𝑐​​2​​𝐸​
​𝑙𝑎𝑏​

.

​This​​is​​highly​​inefficient.​​To​​double​​the​​available​​energy,​​one​​must​​increase​​the​​beam​​energy​​by​​a​​factor​
​of four.​

​2. Collider Scenario​

​Now​ ​consider​ ​two​ ​particles​ ​approaching​ ​each​ ​other​ ​with​ ​equal​ ​and​ ​opposite​ ​momenta,​ ​effectively​
​observing the collision from the center of momentum frame.​

​𝑃​
​1​

= ​𝐸​
​𝑐​ , ​𝑝​( ),

​𝑃​
​2​

= ​𝐸​
​𝑐​ , − ​𝑝​( ).

​The total four-momentum is simply​ ​. The available energy is:​​𝑃​
​𝑡𝑜𝑡​

= (​2​​𝐸​​/​​𝑐​, ​0​)
​𝐸​

​𝑐𝑚​
= ​2​​𝐸​.

​These​​equations​​show​​particles​​one​​and​​two​​traveling​​at​​the​​same​​momentum​​but​​in​​opposite​​directions,​
​thus​ ​when​ ​they​ ​become​ ​one​ ​new​ ​system​ ​upon​ ​collision​ ​the​ ​energy​ ​doubles​​on​​the​​new​​system​​and​​the​
​particles​ ​are​ ​no​ ​longer​ ​moving​ ​in​ ​space​ ​with​​a​​net​​momentum​​of​​zero.​​Thus,​​there​​is​​no​​loss​​of​​energy​
​from a momentum change.​

​In​ ​a​ ​collider,​ ​the​​available​​energy​​scales​​linearly​​with​​the​​beam​​energy.​​This​​kinematic​​advantage​​is​​the​
​primary​ ​motivation​ ​for​ ​building​ ​colliders​ ​like​ ​the​ ​LHC;​ ​a​ ​“head-on”​ ​collision​ ​utilizes​ ​all​ ​the​ ​kinetic​
​energy​ ​for​ ​new​ ​physics,​ ​whereas​ ​a​ ​fixed-target​ ​collision​ ​“wastes”​​a​​vast​​amount​​of​​energy​​primarily​​to​
​conserve the total momentum of the system.​

​B. Threshold Energies​

​A​ ​common​ ​problem​ ​in​​particle​​physics​​is​​calculating​​the​​minimum​​(threshold)​​beam​​energy​​required​​to​
​produce a particular final state. Consider the interaction:​

​𝑝​ + ​𝑝​​→​​𝑝​ + ​𝑝​ + π​0​.

​What​​is​​the​​minimum​​energy​​with​​which​​a​​proton​​needs​​to​​strike​​a​​second,​​stationary​​proton,​​in​​order​​to​
​create a neutral pion?​

​The​​threshold​​condition​​is​​defined​​in​​the​​CM​​frame:​​the​​minimum​​energy​​configuration​​occurs​​when​​all​
​final​​particles​​are​​created​​at​​rest​​relative​​to​​each​​other.​​Thus,​​the​​final​​state​​effectively​​moves​​as​​a​​single​
​object with mass equal to the sum of the product masses,​ ​.​​𝑀​

​𝑓𝑖𝑛𝑎𝑙​
= ​2​​𝑚​

​𝑝​
+ ​𝑚​

π
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​We​​equate​​the​​invariant​ ​calculated​​in​​the​​initial​​Lab​​frame​​to​​the​​invariant​​in​​the​​final​​threshold​(​𝑃​
​𝑡𝑜𝑡𝑎𝑙​

)​2​

​configuration:​
(​𝑃​

​𝑡𝑜𝑡𝑎𝑙​
)

​𝑖𝑛𝑖𝑡𝑖𝑎𝑙​
​2​ = (​𝑃​

​𝑡𝑜𝑡𝑎𝑙​
)

​𝑓𝑖𝑛𝑎𝑙​
​2​ .

​From​ ​the​ ​fixed​ ​target​ ​calculation​ ​above,​ ​.​ ​At​ ​threshold,​ ​the​ ​final​(​𝑃​
​𝑡𝑜𝑡𝑎𝑙​

)
​𝑖𝑛𝑖𝑡𝑖𝑎𝑙​
​2​ = ​2​​𝑚​

​𝑝​
​2​​𝑐​​2​ + ​2​​𝑚​

​𝑝​
​𝐸​

​𝑙𝑎𝑏​
​four-momentum is just the rest energy of the product masses squared:​

(​𝑃​
​𝑡𝑜𝑡𝑎𝑙​

)
​𝑓𝑖𝑛𝑎𝑙​
​2​ = (​2​​𝑚​

​𝑝​
+ ​𝑚​

π
)​2​​𝑐​​2​.

​Equating them:​
​2​​𝑚​

​𝑝​
​2​​𝑐​​2​ + ​2​​𝑚​

​𝑝​
​𝐸​

​𝑙𝑎𝑏​
= (​4​​𝑚​

​𝑝​
​2​ + ​4​​𝑚​

​𝑝​
​𝑚​

π
+ ​𝑚​

π
​2​)​𝑐​​2​.

​Solving for​ ​:​​𝐸​
​𝑙𝑎𝑏​

​𝐸​
​𝑙𝑎𝑏​

=
(​2​​𝑚​

​𝑝​
​2​+​4​​𝑚​

​𝑝​
​𝑚​

π
+​𝑚​

π
​2​)​𝑐​​2​

​2​​𝑚​
​𝑝​

= ​𝑚​
​𝑝​
​𝑐​​2​ + ​2​​𝑚​

π
​𝑐​​2​ +

​𝑚​
π
​2​​𝑐​​2​

​2​​𝑚​
​𝑝​

.

​This exact derivation avoids the complex velocity transformations required by non-covariant methods.​

​C. Photon Kinematics and Compton Scattering​

​Massless​ ​particles,​ ​such​ ​as​ ​photons,​ ​have​ ​four-momenta​ ​satisfying​ ​.​​Consequently,​ ​.​​𝑃​µ​𝑃​
µ

= ​0​ ​𝐸​ = ​|​​𝑝​​|​​𝑐​
​The interaction of photons with matter provides a clear demonstration of four-vector algebra.​

​1. Compton Scattering​

​Compton​ ​scattering​ ​describes​ ​the​ ​elastic​ ​scattering​ ​of​ ​a​ ​photon​ ​by​ ​a​ ​charged​ ​particle​ ​(typically​ ​an​
​electron). Historically, this provided crucial evidence for the particle nature of light (Compton, 1923).​
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​Figure 1​
​Compton Scattering Kinematics​

​Note.​​The​​incoming​​photon​​γ(K)​​scatters​​from​​an​​electron​​e−(P),​​producing​​an​​outgoing​​photon​​γ(K′)​​at​
​angle θ and a recoiling electron e−(P′).​

​Let​ ​and​ ​be​​the​​initial​​four-momenta​​of​​the​​photon​​and​​electron,​​and​ ​and​ ​be​​their​​final​​momenta.​​𝐾​ ​𝑃​ ​𝐾​​'​ ​𝑃​​'​
​The electron is initially at rest.​

​𝐾​ = (​ℏω/​​𝑐​, ​𝑘​),
​𝑃​ = (​𝑚𝑐​, ​0​),
​𝐾​​'​ = (​ℏω'/​​𝑐​, ​𝑘​​'​),
​𝑃​​'​ = (​𝐸​​'/​​𝑐​, ​𝑝​​'​).

​Conservation of four-momentum states:​

​𝐾​ + ​𝑃​ = ​𝐾​​'​ + ​𝑃​​'​.

​We​​wish​​to​​find​​the​​change​​in​​photon​​wavelength​​as​​a​​function​​of​​the​​scattering​​angle​ ​.​​We​​rearrange​​the​θ
​equation to isolate the final electron momentum, which is usually unmeasured:​

​𝑃​​'​ = ​𝐾​ + ​𝑃​ − ​𝐾​​'​.

​We square both sides (contracting the four-vectors with themselves):​

​𝑃​​'​​2​ = (​𝐾​ + ​𝑃​ − ​𝐾​​'​)​2​.

​Expanding the right side and using the invariants​ ​and​ ​:​​𝑃​​2​ = ​𝑃​​'​​2​ = ​𝑚​​2​​𝑐​​2​ ​𝐾​​2​ = ​𝐾​​'​​2​ = ​0​
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​𝑚​​2​​𝑐​​2​ = ​𝐾​​2​ + ​𝑃​​2​ + ​𝐾​​'​​2​ + ​2​​𝐾​​⋅​​𝑃​ − ​2​​𝐾​​⋅​​𝐾​​'​ − ​2​​𝑃​​⋅​​𝐾​​'​.
​𝑚​​2​​𝑐​​2​ = ​0​ + ​𝑚​​2​​𝑐​​2​ + ​0​ + ​2​​𝐾​​⋅​​𝑃​ − ​2​​𝐾​​⋅​​𝐾​​'​ − ​2​​𝑃​​⋅​​𝐾​​'​.

​Subtracting​ ​from both sides:​​𝑚​​2​​𝑐​​2​

​𝐾​​⋅​​𝑃​ − ​𝐾​​⋅​​𝐾​​'​ − ​𝑃​​⋅​​𝐾​​'​ = ​0 ⇒ ​​𝑃​​⋅​(​𝐾​ − ​𝐾​​'​) = ​𝐾​​⋅​​𝐾​​'​.

​We now evaluate the dot products in the laboratory frame:​

​𝑃​​⋅​​𝐾​ = ​𝑚𝑐​​ ​ ​ℏω​
​𝑐​ − ​0​ · ​𝑘​ = ​𝑚​​ℏω​,

​𝑃​​⋅​​𝐾​​'​ = ​𝑚​​ℏω'​,

​𝐾​​⋅​​𝐾​​'​ = ​ℏω​
​𝑐​

​ℏω'​
​𝑐​ − ​𝑘​ · ​𝑘​​'​ = ħ​2​​ωω'​

​𝑐​​2​ (​1​ − ​𝑐𝑜𝑠​​θ​).

​Substituting these back into the equation:​

​𝑚​​ℏ​(​ω​ − ​ω'​) = ħ​2​​ωω'​

​𝑐​​2​ (​1​ − ​𝑐𝑜𝑠​​θ​).

​Dividing by​ ​and using​ ​:​​𝑚​​ℏωω'​ ​ω​ = ​2π​​𝑐​​/λ​

​1​
​ω'​ − ​1​

ω = ħ

​𝑚​​𝑐​​2​ (​1​ − ​𝑐𝑜𝑠​​θ​).

​Converting angular frequency to wavelength (​ ​):​​λ​ = ​2π​​𝑐​​/ω​

​λ'​ − ​λ​ = ​ℎ​
​𝑚𝑐​ (​1​ − ​𝑐𝑜𝑠​​θ​).

​This​ ​is​ ​the​ ​celebrated​ ​Compton​ ​shift​ ​formula.​ ​The​ ​quantity​ ​is​ ​the​ ​Compton​ ​wavelength​ ​of​ ​the​​ℎ​​/​​𝑚𝑐​
​electron​​(​ ​m).​​This​​derivation​​demonstrates​​the​​power​​of​​the​​four-vector​​method:​​by​​squaring​​2​. ​43×​​10​−​12​

​the​ ​momentum​ ​conservation​ ​equation,​ ​we​ ​eliminated​ ​the​ ​relativistic​ ​velocity​ ​of​ ​the​ ​recoiling​ ​electron​
​entirely, focusing only on the photon variables of interest.​

​V. INTERACTION DYNAMICS: FEYNMAN DIAGRAMS AND MANDELSTAM VARIABLES​

​While​​the​​conservation​​of​​four-momentum​​provides​​the​​fundamental​​constraints​​on​​particle​​motions,​​the​
​calculation​​of​​interaction​​probabilities​​requires​​a​​detailed​​description​​of​​the​​interaction​​mechanism.​​This​
​is​ ​achieved​ ​through​ ​Feynman​ ​diagrams​ ​and​ ​the​ ​use​ ​of​ ​Lorentz-invariant​ ​kinematic​ ​variables​​known​​as​
​Mandelstam variables.​
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​A. Feynman Diagrams as Spacetime Trajectories​

​Feynman​​diagrams​​are​​not​​merely​​schematic​​representations​​but​​are​​rigorous​​mathematical​​prescriptions​
​for​ ​calculating​ ​scattering​ ​amplitudes​ ​(Feynman,​ ​1949).​ ​In​ ​these​ ​diagrams,​ ​standard​ ​convention​ ​places​
​time​​on​​the​​horizontal​​axis​​and​​space​​on​​the​​vertical​​axis​​(or​​vice​​versa).​​Lines​​represent​​particles​​moving​
​through spacetime:​

​•​ ​External​ ​lines​ ​represent​ ​real,​ ​observable​​particles​​entering​​or​​leaving​​the​​interaction.​​They​​satisfy​
​the on-shell condition​ ​.​​𝑃​µ​𝑃​

µ
= ​𝑚​​2​​𝑐​​2​

​•​ ​Internal​ ​lines​ ​represent​ ​virtual​ ​particles​ ​(propagators)​ ​that​ ​exist​ ​only​ ​transiently​ ​during​ ​the​
​interaction. For these particles,​ ​.​​𝑃​µ​𝑃​

µ
≠ ​𝑚​​2​​𝑐​​2​

​•​ ​Vertices​ ​are​ ​points​ ​where​ ​particle​ ​lines​ ​meet,​ ​representing​ ​the​ ​fundamental​ ​interaction​ ​strength​
​(coupling). Four-momentum is strictly conserved at every vertex.​

​•​
​B. Mandelstam Variables​

​Consider​​a​​general​​two-body​​scattering​​process​ ​,​​where​​incoming​​particles​​with​​momenta​​1​ + ​2→3​ + ​4​
​scatter​ ​to​ ​produce​ ​outgoing​ ​particles​ ​.​ ​To​ ​describe​ ​this​ ​process​ ​in​ ​a​ ​frame-independent​​𝑃​

​1​
, ​𝑃​

​2​
​𝑃​

​3​
, ​𝑃​

​4​
​manner,​ ​we​ ​define​ ​three​ ​Lorentz-invariant​ ​scalars,​ ​known​ ​as​ ​the​ ​Mandelstam​ ​variables​ ​(​ ​)​​𝑠​, ​𝑡​, ​𝑢​
​(Mandelstam, 1958).​

​1. The s-channel (Center of Mass Energy)​

​The variable​ ​is the square of the total center-of-mass​​energy:​​𝑠​

​𝑠​ = (​𝑃​
​1​

+ ​𝑃​
​2​
)​2​ = (​𝑃​

​3​
+ ​𝑃​

​4​
)​2​.

​In​ ​the​ ​Center​ ​of​ ​Momentum​ ​(CM)​​frame,​​where​ ​,​​this​​simplifies​​to​ ​.​​A​​𝑝​
​1​

+ ​𝑝​
​2​

= ​0​ ​𝑠​ = (​𝐸​
​1​

+ ​𝐸​
​2​
)​2​​/​​𝑐​​2​

​process​ ​dominated​ ​by​ ​meaning​ ​the​ ​collision​ ​is​ ​controlled​ ​by​ ​the​ ​energy​ ​available​ ​at​ ​the​ ​CM​ ​often​​𝑠​
​involves the creation of a short-lived intermediate resonance that subsequently decays.​

​2. The t-channel (Momentum Transfer)​

​The variable​ ​represents the square of the four-momentum​​transfer between particle 1 and particle 3:​​𝑡​

​𝑡​ = (​𝑃​
​1​

− ​𝑃​
​3​
)​2​ = (​𝑃​

​4​
− ​𝑃​

​2​
)​2​.

​In​​elastic​​scattering,​ ​is​​related​​to​​the​​scattering​​angle​ ​.​​For​​small​​scattering​​angles​​(grazing​​collisions),​​𝑡​ θ ​𝑡​
​is​​small​​and​​negative.​​The​​diagram​​below​​illustrates​​a​ ​-channel​​exchange,​​typical​​of​​Coulomb​​scattering​​𝑡​
​or Møller scattering.​
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​Figure 2​
​t-Channel Exchange in Two-Body Scattering​

​Note.​ ​The​ ​diagram​ ​represents​ ​four-momentum​ ​transfer​ ​q​ ​between​ ​the​ ​two​ ​particle​ ​lines,​ ​with​ ​the​
​Mandelstam variable t = q².​
​Here,​​the​​four-momentum​​of​​the​​virtual​​photon​​is​ ​.​​Since​​the​​photon​​is​​virtual,​ ​,​​𝑞​ = ​𝑃​

​1​
− ​𝑃​

​3​
​𝑞​​2​ = ​𝑡​ < ​0​

​meaning it is “spacelike.”​

​3. The u-channel (Crossed Momentum Transfer)​

​The variable​ ​is defined as:​​𝑢​

​𝑢​ = (​𝑃​
​1​

− ​𝑃​
​4​
)​2​ = (​𝑃​

​3​
− ​𝑃​

​2​
)​2​.

​This​​channel​​becomes​​relevant​​when​​the​​outgoing​​particles​​can​​be​​“crossed”.​​That​​is,​​when​​particle​​1​​can​
​scatter​ ​into​ ​the​ ​role​ ​of​ ​particle​ ​4​ ​rather​ ​than​ ​particle​ ​3.​ ​Physically,​ ​this​ ​arises​ ​in​ ​processes​ ​involving​
​identical​ ​particles​ ​(such​ ​as​ ​electron–electron​ ​scattering,​ ​where​ ​one​ ​cannot​ ​distinguish​ ​which​ ​outgoing​
​electron​ ​corresponds​ ​to​ ​which​ ​incoming​ ​electron)​ ​or​ ​when​ ​quantum​ ​numbers​ ​permit​ ​exchange​ ​in​ ​a​
​crossed​ ​configuration.​ ​Both​ ​the​ ​-​​and​ ​-channel​​diagrams​​must​​be​​included​​in​​the​​amplitude,​​and​​their​​𝑡​ ​𝑢​
​interference​​gives​​rise​​to​​observable​​effects​​such​​as​​the​​angular​​dependence​​of​​the​​Møller​​scattering​​cross​
​section.​

​4. The Sum Rule​

​These​ ​three​ ​variables​ ​are​ ​not​ ​independent.​ ​For​ ​a​ ​process​ ​involving​ ​particles​​of​​masses​ ​,​​𝑚​
​1​
, ​𝑚​

​2​
, ​𝑚​

​3​
, ​𝑚​

​4​
​they satisfy the identity:​
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​𝑠​ + ​𝑡​ + ​𝑢​ =
​𝑖​=​1​

​4​

∑ ​𝑚​
​𝑖​
​2​​𝑐​​2​.

​This​ ​relation​​allows​​experimentalists​​to​​fully​​characterize​​a​​scattering​​event​​using​​only​​two​​independent​
​variables (usually​ ​and​ ​) and the particle masses.​​𝑠​ ​𝑡​

​VI. CONCLUSION​

​The​​transition​​from​​Galilean​​relativity​​to​​Special​​Relativity​​requires​​a​​fundamental​​reimagining​​of​
​space​ ​and​ ​time.​​By​​treating​​time​​as​​a​​coordinate​​on​​equal​​footing​​with​​space,​​the​​four-vector​​formalism​
​restores​​the​​symmetry​​of​​physical​​laws.​​We​​have​​shown​​that​​while​​individual​​components​​of​​energy​​and​
​momentum​ ​vary​ ​between​​observers,​​the​​invariant​​length​​of​​four-vectors,​​such​​as​​proper​​time,​​rest​​mass,​
​and​ ​the​ ​Mandelstam​ ​variables,​ ​provides​ ​a​ ​pathway​ ​towards​ ​calculation​ ​as​ ​a​ ​foundation​ ​of​ ​objective​
​reality.​

​From​ ​the​ ​simple​ ​derivation​ ​of​ ​time​ ​dilation​ ​to​ ​the​ ​calculation​ ​of​​particle​​production​​thresholds​
​and​ ​Compton​ ​scattering,​ ​four-vectors​ ​simplify​ ​the​ ​complex​ ​algebra​ ​of​ ​high-velocity​ ​mechanics.​ ​In​
​modern​ ​particle​ ​physics,​ ​where​ ​scattering​ ​amplitudes​ ​are​ ​functions​ ​of​ ​,​ ​,​​and​ ​,​​this​​formalism​​is​​not​​𝑠​ ​𝑡​ ​𝑢​
​merely a convenience; it is the essential language of the universe at high energies.​
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